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STRUCTURE OF UNITAL 3-FIELDS 


STEVEN DUPLIJ and WEND WERNER 


Abstract. We investigate fields in which addition requires three summands. These 
ternary fields are shown to be isomorphic to the set of invertible elements in a local ring TZ 
having 1/2% as a residual field. One of the important technical ingredients is to inh'insi- 
cally characterize the maximal ideal of TZ. We include a number illustrative examples and 
prove that the structure of a finite 3-field is not connected to any binary field. 
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Introduction 

Most of us seem to be biologically biased towards thinking that it always requires two 
in order to generate a third. In mathematics or physics, however, this idea does not seem 
to rest on a sound foundation: The theory of sym metric spaces , for examp l e, is n icely 
desc ribed in terms of Lie o r Jorda n triple systems ( Chu 1 2012 1. Upmeie^ 1 1985l] : see 


e.g. IBohle and WernerI 020 1 511 for a recent development), and in physics, higher Lie 


algebr a s have come into focus in Nambu | [19^ ] Ifor later development see e.g. Kerner 
I 2 OOOI] . DE Azca rraga and Izo uiereiO i2010ll ') and were e.g. applied to the theory of 
M2-branes in BAGGER AND La mbert 1 2008ll . Ternary Hopf algebras were introduced 
and investigated in PuPLul 1 2001 1. 

In this paper we investigate 3-helds, a structure in which the binary operations of the 
classical theory are replaced by ternary ones. There is a marked difference between addi¬ 
tion and multiplication here. Whereas the multiplicative s tructure of higher arity in rings 
se ems to easier make contact with bi nary algebra (see e.g. Leeson AND ButsonI 1 1980l] 
or Elgendy and Bremner 1 2012|] ). ternary addition apparently produces phenomena of 
a more unusual kind and has been, to the knowledge of the authors, treated less thoroughly. 
We therefore keep multiplication in the helds binary for the moment and stick to ternary 
addition. Technically, this fact is hidden behind the expression unital, as in ternary group 
theory one can very well dispose of a unit, and, even more strikingly, the truly ternary case 
is characterized by the absence of one. 
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It turns out that there are a number (actually, one that might turn out to be too large) of 
interesting examples of 3-helds, hnite ones, a certain subset of the 2-adic numbers, a class 
of hnite skew-3-helds, based on the quaternion group, or a number of group 3-algebras 
which actually turn out to be 3-helds. 

Here is what we will do in the following: The hrst section collects some basi c theory 
(based on the pioneering papers by Dornte and Post PORNTE 1 1929 1, PostI 1 1940ll , section 
2 introduces the main technical tool that permits a connection to binary algebra, in the third 
section we deal with ideals which probably feature the most uncommon dehnition in this 
paper, section 4 is brief on 3-vector spaces and 3-algebras, just enough in order to be well 
equipped for a hrst attack on the classihcation of hnite 3-helds in the hnal section. Among 
other things, we will prove here that the number of elements of a hnite 3-held is a power 
of two, that their structure is governed by certain polynomials, with coefficients from the 
unit disk B 2 of the 2-adic number held Q 2 and (in the case of a single generator, mapping 
882 into the interior of 82 - Furthermore, each such held carries a structure totally different 
from classical helds, because essentially none of the hnite ternary unital 3-helds embeds 
into a binary held, when the latter is supposed to carry its canonical ternary structure. 


1. Basics and examples 

The present topic has some precursors. Besides the ones mentioned in the previous 
section, so called multiopera tor linear operat ions in a vector space were considered in 
abstract form in the 60’s bv IKurosh [1969|. Our construction is conne cted with the 
notion of (n, m)-rings introduced in CuponaI 1 1965 1 and further studied in Celakoski 
1 1977 I. CroMBE Z and TimmI 1 1972l] . The Post theorem for (n, m)-rings was formulated 


in 


CrombezI 0197311 . 


Firs t we remind the general notion of a (3, 3)-ring ICrombezI 0l973ll . ICelakoski 
0 197711 . We have two different operations on a set : the ternary addition v ■. XxXxX ^ 
X and the ternary multiplication fi: XxXxX^X. We suppose that both operations 
are totally associative 

ly {v {x, y, z),t,u) = iy {x, v {y, z,t) ,u) = v {x, y, v {z, t, u)) , (1.1) 

p (p (x, y, z),t,u) = y {x, y {y, z,t),u) = y {x, y, y, (z, t, u)), (1.2) 

where x, y, z,t,u G X. This means that both {X, v) and (X, y) are ternary semigroups. 
The connection between them is given by a ternary analog of the distributive law. A general 
form of the ternary distributivity is 

y {v (x, y, z),t,u) = i' {y {x, t,u),y {y, t,u),y {z, t, u)) , (1.3) 

y {t, V {x, y,z),u) = iy {y {t, x,u),y {t, y,u),y {t, z, u)) , (1.4) 

y {t, u, V (x, y, z)) = v {y (t, u,x),y {t, u,y),y (t, u, z)) . (1.5) 

The semigroup {X, v) is assumed to be a ternary group in which for a ll a,b,c G X 


the semigroup (A,p) is assumed to be a ternary group in whic t i tor a t 
there exists a unique solution of the equation boRNTEl 1 1929l] . POST 1 1940ll 

ly (a, &, x) = c. 


( 1 . 6 ) 


Definition 1.1. A set X with two operations v and y satisfying distributivity and for which 
(X, v) is a (commutative) ternary group and (X, y) is a ternary semigroup is called a (3,3)- 
ring, or for shortness, a 3-nng. 


Definition 1.2. If ternary multiplication p on 7?. is commutative, i.e. if y = you, where 
a is any permutation from S^, then we call 72. a commutative 3-rmg. 
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A neutral element for (7^, v), also called a ternary zero 0, is defined through 

v (0,0, x) = X, 


(1.7) 


for all X GTZ. 

If such an element exists, TZ is called a 3-ring with zero. Distributivity then leads to the 
following relation with respect to ring multiplication 


( 0 , x,y) = fi (x, 0,y) = y {x, y, 0 ) = 0 . ( 1 . 8 ) 

Another important notion is the one of a querelement DornteI 1 1929ll . denoted by x 
for the addition v and by x for the multiplication y. They are supposed to satisfy 


z/ (x, X, x) = X, (1-9) 

y (x, X, x) = X., (1-10) 


for all X G 7^ 

The existence of querelements for all x G 7^ is equivalent to unique solvability (II. 6 I 1 . 


Definition 1.3. Let TZhea (3, 3)-ring. TZ is called a (2, 3)-ring, if its addition ly is derived 
from a binary addition +, i.e. v {x,y,z) = x -\- y -\- z. Similarly, it is called a (3, 2)-ring, 
if its multiplication y is derived from a binary multiplication •, i.e. y{x,y,z) = x-y-z. 

Theorem 1.4. Suppose TZ is a (3, 3)-ring. 

(1) IfTZ contains a multiplicative unit 1, then y is derived, and TZ is a (3, 2)-ring. 

(2) IfTZ contains a zero element 0, then v is derived, and TZ is a (2, 3)-ring. 

(3) Whenever TZ has both, 1 and 0, then it is a binary ring. 


Proof. Define in the first case a»b = y{a,l,b), and a-\-b = iz {a,0,b) in the second case, 
and check that all axioms are fulfilled in both cases. □ 


Definition 1.5. We call TZ a proper (3, 3)-ring, iff none of /i or are derived, and 7^ is a 
proper unital 3-ring, iff its multiplication y is derived. 


In lLEESON AND ButsonI 1 1980l] . a 3-field was defined as a commutative 3-ring TZ for 
which {TZ*, y) is a group. 


Definition 1.6. A unital 3-field F is called proper, iff y is nonderived, i.e. iff there is no 
zero element in F. 


In the following, all 3-fields will be proper and unital. 

Example 1.7. When equipped with ternary addition and multiplication inherited from the 
complex number field, the set iM. becomes a ( 2 ,3)-field. 

Example 1.8. For a class of proper (3, 3)-fields, start with a unital 3-field F. Fix a unital 
3-subfield Fi as well as an element f G F \ Fi so that G Fi. Then fFi is a proper 
(3,3)-field. 

Example 1.9. A finite unital 3-field is given by 

(Z/2"Z)°‘^'^ = {2zfc-p 1 G Z/2"Z I 0 < 2A:-f 1 < 2"}. (1.11) 

The fact that each element has a multiplicative inverse follows from the fact that 
gcd (a, 2") = 1, for all a G (Z/2”Z)°‘^‘^. 


Recall that a cance l lative and commutative 3-ring TZ is called a 3-integral domain 
Crombez and TimiJ 1 I 1972 I] . 
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Example 1.10 (3-field of fractions ICrombez and TimmI 1119721] ). For any proper 3- 
integral domain the 3-field of fractions is a proper 3-field. For instance, starting with 

= {2/fc + 11 fc e z}, 


we arrive at the proper 3-field 

^odd 


= <r € 


3p, q G Z' 


odd 


q 


( 1 . 12 ) 


Trying to find a completion of which itself is a proper 3-field one has to avoid a 
zero element in the process. The easiest way to do this seems to be to exploit the relation¬ 
ship of with the field of dyadic numbers, Q 2 . Recall the definition of the absolute 
value 1-12. If - = 2’’—, where neither of the integers po and go is divisible by 2, we have 


q 


qo 


= 2 " 


(1.13) 


Completion of Q w.r.t. 1-12 results in the field Q 2 , the elements of which can be formally 
written as 

x= e^eZ/2 Z. (1.14) 

r>-no 

and \x \2 = 2"“. Then |x |2 = 1, iff 


= 1 -f er2^, £r e Z/2Z. 


(1.15) 


r—1 


Example 1.11. The set = ^2 = C Q 2 | \x \2 = 1} is a unital 3-field w.r.t mul¬ 
tiplication and ternary addition inherited from Q 2 . This field is the completion of 
w.r.t. 1-12. Note that this 3-field is compact. Furthermore, similar to the binary case, 
is an inverse limit = lim (Z/'2”Z)°‘^‘^. 


2. Pairs 


Let us introduce one of the most important constructions of this paper, an additive op¬ 
erator pair of a unital 3-ring TZ. 

Definition 2.1. Let 7^ be a unital 3-ring, and for a,b G TZ denote by {, the additive 
operator pair x ^ x ab for &\\ x G TZ. Write Q {TZ) = {qo.h | a, 5 € TZ}, U {TZ) = 
Q (7^) U TZ. 


Note that the above definition yields an equiv alence relation on the Cartesian product 
TZxTZ. This kind of construction has been used in PoSli 1 1940|] in order to “reduce arity”: 
For any fixed c G TZ we can use operator pairs to introduce the binary retract addition ©c 
by 


a ©c = Qa.h (c). 


( 2 . 1 ) 


Since the choice of c is arbitrary, this construction is not functorial, and we will follow a 
different path here. 

First, we convert the set of pairs into a (binary) ring. In order to reduce the technical 
effort to a minimum we use pairs in their standard fonns: For each pair we have 


Qa,6 — Qa+&—1,1 
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and whenever i = q* i then s = t. With this notation we (well-)define binary addition 
+g and the binary product x q for pairs in the following way 

Qq,1 q Q/3,1 — Qa-t-/?-!-!,! 5 

Qq,! Q/3,1 — QQ-t-/5-t-cK/3,l• (^-3) 

We extend these operations to U (TZ). For u,v GU {TV) let 

{ qu,v, u,vGTZ, 

u{v) = a + b + V, u = qa^b G Q (TZ) ,v GTZ, ( 2 . 4 ) 

U+qV, u,v G Q {TZ), 

{ uv, u,v G TZ, 

^av,bvi ^ gQ{TZ),vGTZ, ( 2 . 5 ) 

U XqV, u,v G Q {TZ ), 

These operations are well-defined and we furthermore have 

Theorem 2.2. {Q {TZ), +q, Xq) and Ipl {TZ), +u, x«) are binary rings, lA {TZ) is unital of 
which TZ is a subring, whereas Q {TZ) is an ideal. 


For the proof it is very convenient to use pairs in their standard forms. We leave the 
details to the reader. 


Example 2.3. Let TZ = Then (p : Q {TZ) —>■ Z®™", q^.t, a -I- &, is a well-defined 

isomorphism of binary (nonunital) rings, and U {TZ) equals Z. Similarly, for the unital 
3-field we have 

Q (Q°dd) = Qeven = g Q | g Z®™", q G ^ = ^| , (2-6) 

as well as 

u (Q°dd) ^ Qeven Qodd = |g Q | g Z, g g Z°‘^‘^,r = ^| . (2.7) 

In the same vein, 

Q ((Z/2”Z)°‘^‘^) = (Z/2"Z)®™" , U ((Z/2”Z)°‘^‘^) = (Z/2”Z). (2.8) 

Denote by 5^3 the category of unital 3-fields. For each morphism f define 

mappings Qf : QF^^^ —>■ QF^^^ andUf : WF^^^ —>■ U¥^'^\ by 


Q4' {^a,b) — Ct<^(a),0(b)) 

Q<P{u), 


Uf {u) = 


(j){u), 


u G QF(1), 
u G F(i). 


(2.9) 

( 2 . 10 ) 


It is easily seen that Qf and Uf are (unital) morphisms. It follows that U is a functor 
between the category 3^3 and the category of binary unital rings IH 2 . 

In the following, we write i p for the embedding ¥^14 (F). 


Theorem 2.4. A unital 3-ring TZ carries a derived structure iff it is a retract ofU {TZ). 

Proof. If 7^ is a binary unital ring, the retract mapping is given by T'(qa, 6 ) = a -f 5 on 
Q{TZ) and the identity otherwise. Conversely, if such a map exists, we define a binary 
product on TZ through a -f 5 = ih(qa.b)- Q 


A direct consequence of this is 
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Theorem 2.5 (Universal functor theorem). The functor U is universal in the following 
sense. Suppose TZ is a unital binary ring, F is a unital S-field, and p : ¥^TZ is a morphism 
of unital 3-rings, where TZ is supposed to carry the derived ternary structure. Then, there 
exists a morphism p : lA (F) -^TZ of binary rings, such that p o ip = p. 

We investigate next, how unital 3-fields can be analyzed in terms of binary algebraic 
structures. 

Theorem 2.6 (3-fields and local rings). 

(1) Let TZ be a (unital) local binary ring with (unique) maximal ideal J so that 
TZ/J ='L/TL. Then TZ\ZJ is a unital 3-field. 

(2) For any unital 3-field F, there exists a local binary ring TZ with residual field 
Z/2Z such that W=TZ \ J, where J is the maximal ideal ofTZ and TZ\ff carries 
the derived ternary structure inherited from TZ. 

Proof. (l)Let7rj- : TZ —?► TZ/J be the quotient map. Suppose 01 ^ 2,3 & TZ\J. Since a G 
TZ\J,\fT'Kj (a) is in Z/'2Z, it follows that oi -f 02 -f 03 £ 7?. \ It is straightforward 
to check that 72.\ is an additive 3-group. Similarly, the product aia 2 € TZ\J, and 
distributivity is satisfied. It remains to show that each a & TZ\J has a multiplicative 
inverse. Suppose a has no inverse, by Rrull’s theorem it is contained in a maximal ideal 
different from J, thus contradicting the locality of TZ. 

(2) Let F be a unital 3-field. By Theorem 12.21 77 (F) is a binary unital ring. We show 
that Q (F) is a unique maximal ideal with 77 (F) /Q (F) = Z/'2Z. Evidently, Q (F) is an 
ideal of77 (F). As all elements in 77 (F)\Q(F) are invertible, this ideal has to be maximal. 
By the same reason, Q (F) is the only maximal ideal. So 77 (F) is a local ring. 

It remains to show that 77 (F) /Q(¥) = Z/2Z. Take r G U (F). If r £ F, then 
r -\- Q (F) = 1 -\- Q (F), because r -f f -f 1 = 1, and therefore r ~ 1. If r £ Q (F), then, 
of course, r Q (F) = 0 -f Q (F), i.e. r ^ 0. So there are only two equivalence classes 
and hence 77 (F) /Q (F) = Z/2Z. □ 

Remark 2.7. It is not difficult to see that the functor 77 actually establishes an equivalence 
of the categories of unital local rings with residual field Z/2Z and the category of unital 
3-fields. 

Example 2.8. In the case of its local ring is the valuation ring O (Q2) = 

{z £ Q2 I \z\2 < 1 } with (maximal) evaluation ideal B (Q2) = {-z £ Q2 | 1-212 < 1 }’ ^nd 

Qf‘^ = 0 {q 2 )\B{Q 2 )- 

Here is another application; 

Theorem 2.9. For any unital 3-field F the following are equivalent. 

(1) There exists an embedding o/F into a binary field K, where the latter is supposed 
to carry its derived ternary structure. 

(2) Q(F) is an integral domain. 

(3) For each y f 1 the equation 

X -\- y — xy = 1 (2.11) 

has the only solution a; = 1. 

Proof. It is easily checked that conditions (2) and (3) are equivalent. Suppose that Q(F) is 
an integral domain, and denote by K its field of quotients. Then 

: F ^ K, ^ 

91,1 


( 2 . 12 ) 
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is an embedding, and so (a) follows. Conversely, whenever there exists an embedding 
F —>■ K, Q(F) is injectively mapped into Q(F), which is an integral domain. □ 

3. Ideals 

Because of the absence of zero in a proper 3-ring, the usual correspondence between 
ideals and kernels of morphisms is no longer available. Instead, we apply the results of the 
previous section. 

Let us consider a morphism of unital 3-rings (j) : TZi —^ TZ 2 . Then keil4 {(/)) is an ideal 
of 14 (TZi), and the underlying equivalence relation on TZi is given by 

n ^ r 2 3q G keiU ((/)): ri -f q = ri. (3.1) 

Note that kerL4 {4>) is contained in Q (TZi), and so q must be an additive pair. The above 
is a motivation for 

Definition 3.1. An ideal for a unital 3-ring TZ is any (binary) ideal of Q (72.). We further¬ 
more denote the quotient an ideal of Q(72) defines on 72 by TZ/ J. 

Proposition 3.2. Suppose TZ and S are unital 3-rings, and (f> : TZ ^ S is a morphism. 
Then the quotient 72/ ker 77 {(p) is a unital S-ring, and 72/ ker 77 (p) ~ Im p. 

Remark 3.3. We prefer the expression “an ideal/or a unital 3-ring” over “an ideal of..!', as 
the former is not a subset of 72. 

The following theorem is an analogue to the fact that for a binary ring the quotient by 
an ideal is a field, iff the ideal is maximal. 

Theorem 3.4. For a unital H-ring TZ and an ideal X, the quotient TZ/X is a unital 3-field, 
iff for any proper ideal J of 14 (TZ) for which J TfX it follows that / fl 72 = 0. 

Proof. Suppose that F = TZ/X is a unital 3-field but / fl 72 / 0 for some proper ideal 
J containing X. Let tt : 77 (72) —77 (72) /X be the quotient map. It then follows that 
TT (/ n 72) = K, hence tt {J) = 14 (K), and so J =14 {TZ). 

If, on the other hand, for any proper ideal ff pp X wo have / fl 72 = 0, we choose 
r G TZ/X as well as ro G TZ with tt (rg) = r. If r were not invertible, then the ideal /o 
generated by rg and X would be proper, contain X and intersect 72. □ 

Example 3.5. Consider the (3, 2)-ring = {2k -f 1 | /c G Z}. Note that each 

proper ideal in the non-unital ring 2®™° is principal, i.e. they are of the form (2A:g) = 
{2fcgfc I k G Z}, fcg G Z. Now we claim that (2fcg) satisfies (13.41) . iff Tcg = 2", n G N. 
Suppose that p \ ko and p f 2. Then (2p) 0 X and p G Z°‘^‘^, and so X cannot satisfy 

dm. 

Let F be a unital 3-field, then each ideal in 77 (F) is “evenly maximal”, and so for each 
J of 14 (F), F// again is a field. This is quite different from the binary case. 

Example 3.6. The proper ideals for = |r G Q | 3p, q G r = -| are of the 
form 

= |r g 77(Q°'^‘^) I 3q G Z°'^'^,3w G Z,r = 2’^^! = (2”), n G N. (3.2) 

Obviously, all the are ideals for Conversely, let / be an ideal, and 

nGN|3p,gGZ°'^'^,2"^G/ 

q 


no = mm 


(3.3) 
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XL 

Because any r € is of the form 2"—, m G Z, g G n > no we must have Jn„ 3 J. 

q 

Fix an element 2"“— G J, Po,qo G Z°‘^'^. Then 2”°— G for all n G Z, g G Z°'^‘^ and 
90 9 

hence J 2 Jno- 

We apply this observation to prime fields. Let us consider a unital 3-field F with unit 1 
and define FP"™ to be the 3-subfield generated by 1, i.e. FP"™ = (1). 

Definition 3.7. The characteristic of a unital 3-field is x (F) = |FP’'™|. 

Theorem 3.8. ^FP’'™ is finite, then there is n G No so that FP’'™ = (Z/2"Z)°'^'^. 
Otherwise, FP"™ ^ 

Proof. Define a morphism ip : —>• FP’'™ by ip{p/q) = pq~^ which is well- 

defined and surjective (since imip is a 3-subfield containing 1), and so we must prove that 
_ ^odd^ g Since the case kerip = {0} is trivial, we suppose n > 1. 
Then division with reminder by 2" yields a morphism Z°‘^^ Z^Sjd, which extends to 
the quotient 3-field Q°dd jj; easily checked that the kernel of this extension is the ideal 

Ju- □ 

4. 3-VECTOR SPACES AND UNITAL 3-ALGEBRAS 

Let US define a ternary analogue of the concept of a vector space. 

Definition 4.1. A 3-vector space consists of a commutative 3-group of vectors, V, a unital 
3-field F as well as an action of F on V. Furthermore, Iv = v for all v G V, and the 
(ternary analog of) usual distributivity relations are supposed to hold. Linear mappings 
between 3-vector spaces are defined in the obvious way. 

It is easily seen that for any 3-vector space V over F we have a canonical action ofU (F) 
onU{V). 

Definition 4.2. A subset C L of a 3-vector space over a unital 3-field F is called a 
generating system, iff any element of V can be represented as X]r=i Xi G U (F), 

Ui G E, and Ai G F. A is called a basis, iff this representation is unique. If A is any 
subset of V we denote by lin A the 3-vector subspace of V generated by A. 

Remark 4.3. It is important to observe that any linear combination G 

U (F), Vi G V, X]r=i G F yields an element of V. 

Example 4.4. A 3-vector space V over the unital 3-field F is given by 

|(ai,...,a„)GW(F) gf|. (4.1) 

It has a basis consisting of elements Cj = (Sij)^ G Note that F" is a 3-vector 

space as well, which however does not possess a basis if n is different from 1. If n = 1, 
pfree _ element of F is a basis. 

Proposition 4.5. Every 3-vector space over a unital 3-field has a free resolution f/Gee 

Proof We pick a generating set A = {ai,...,a„}, and let f/Gee _ 

{(/i,---,/n) I E/* GF}. Define (/)y : Lf"®® L by (/i,...,/„) i—s> Er=i 
Then ker^y is a {7 (F)-submodule contained in Q Hence V is isomorphic to 

yireey' ker (py ■ D 
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Corollary 4.6. The number of elements of a 3-vector space over the finite 3-field F, gener¬ 
ated by n elements is 


iw(F)r 


= 2 


.-1 i^'r 


2 |ker(/)y| |ker(/)y| 

For the proof, note that \U (F) | = 2 |F|, using, e.g. the standard form of pairs. 
Example 4.7. Consider F^ = {1,3}^ = |(j) | a, &, G 


(4.2) 


F = (Z/4Z)°‘^‘^ = {1,3}. We have V = 


generating set is 


= { 61 , 62 }. Thus, a free resolution is given by 


= {aei + 562 I a, 5 G Z/4Z, a + 5 G (Z/4Z)°'^'^}. 

Definition 4.8. Let ^ be a 3-vector space over the unital 3-field F. We call A a unital 
(commutative) 3-algebra, iff there exists a binary multiplication (•) on A so that {A, -f, •) 
is a (commutative) unital 3-ring. 

In the following, 3-algebras will be mostly commutative. 

Example 4.9. Let G be a binary group and F a unital 3-field. The group algebra of G over 
F is defined by 

FG = i (/): G ^ G (F) I ^ (p) G F I (4.3) 

I sec J 

together with the convolution product * ip) (g) = X]gig 2 =s { 92 )- L can be 

shown that (p * ip G FG. These 3-algebras quite often seem to be 3-fields. For example, 
in the case where G equals the additive group Z/nZ, we have FG = F (n), as defined 
below. 

Example 4.10. We define the Toeplitz field of order n over F, T (n, F), as the set of all 
matrices 

/ / •••0 0 \ 

5 i ■■■ ■■■ 0 


t = 


, / G F, 5i G G (F), i = l,...,n-l. 


(4.4) 


V 5„_i • • • 5i f J 

Note that the inverse of each t is of the same form, and hence the Toeplitz fields are com¬ 
mutative 3-subfields of the triangular 3-fields from Example l5.16l The number of elements 
in this field is 


|T(n,F)| = |F| |G (F)|"“" = 2”-^ |F| . 


(4.5) 


Actually, these 3-fields are isomorphic to the members of the next class of examples. 
Example 4.11. Fix a unital 3-field F as well as a natural number n, and define 


F(n) = ip = / + ^a,(x-l)M«*eG(F), / gF, (x - 1)” = 0 


(4.6) 


i=l 


it is easily checked that this is a unital 3-algebra, generated by the single polynomial x — 1. 
That each element in this 3-algebra has an inverse is a consequence of the isomorphism 
established below. 
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In fact, that F (n) = T (n, F) can be seen as follows. The 3-vector space F (n) has basis 

E=[e, = {x-iy\i = 0,...,n-lY (4.7) 

and if we consider an element P = — lY G T+ (n, F), / S F, hi GU (F), 

i = lasa linear map on F (n), then its matrix representation w.r.t. E is given 

by 

/ / •••0 


V hn-1 ■ ■ ■ hi 

Since the product of F [n) turns out to be the matrix product of these matrices, the claim 
has been proven. 

Definition 4.12. Fix a unital 3-field F and let 


0 \ 
0 

/ / 


F [xi,..., a;„] = 

^ |a = (ai,...,a„), TV s No, /a e W (F), ^e F 

\a\<N 

(4.9) 

We call this space the polynomial algebra in n variables over the Z-field F. Note that this 
space actually is a unital 3-algebra when we use the usual product of polynomials. 

Note that 




Q (F [cci,... ,x„]) =: F [xi,... ,x„]®™" 

^ /„x“ |a = (ai,...,a„), TV € No, /„ £ W (F), ^e Q (F) 

|a|<Af 

(4.10) 

andW (F [xi,... ,x„]) = U (F) [xi,... ,x„]. 

Theorem 4.13 (Universality of polynomial algebras). The polynomial algebra 
F [xi,..., Xn] is universal in the class of unital 3-algebras over F, generated by n ele¬ 
ments. 

The polynomial algebra [xi,..., x„] is universal in the class of all unital 3- 
algebras over any of the prime fields, generated by n elements. 

The proof closely follows the standard line of reasoning: If A is an algebra gener¬ 
ated by oi,... ,a„, define 4' : F [xi,... ,x„] A by 4' {^\a\<N = 

S|a|<Af /a®i ^, ■ ■ ■, and use section 2 to see that A = F [xi,..., Xn] / ker 4*. 

The statement about [xi,..., Xn] follows by applying the first part of this theorem 
for the respective prime field and then by combining the quotient mapping with the one 
from Example l3.6l 
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5. Finite fields 


In this final section we collect some results and examples concerning finite unital 3- 
fields. We will mainly be concerned with the case x = 1 put Fq = {1}. As a 
general idea, the theory looks quite different from the classical (binary) one. One of the 
major differences lies in the fact that the minimal number of generators may be strictly 
larger than one. 

Our first result still looks familiar, though. 

Theorem 5.1 (Cardinality of finite fields). For each finite unital 3-field the number of 
elements is a power of 2. 


Proof Clearly, each finite unital 3-field F is a 3-vector space over PrimF. By Corol- 

JPrimFr x(]F)” 

“li —TV = Ti— 7~\- According to 

IkeripFl Ikenprl 

If I must divide, and the result follows. □ 


lary 14.61 the number of elements in F is 2" 
Theorem l3.81 x (1^) ^ power of 2, which |ker < 


For any polynomial P = a^x'^ in Q[a;] we let ||P ||2 = max^, |ai,| 2 . Then ||P ||2 < 1 

iff P G and ||P ||2 = 1 iff, moreover, P has at least one coefficient in 

Then, for any P, Q G Q[a;], we have ||PQI |2 = H-PlUHQIb- This follows from he fact that 
the product of two polynomials in Z[x], having both at least one odd coefficient, possesses 
itself at least one odd coefficient. 


Lemma 5.2. The irreducible polynomials for the ring U [x] are: the constant poly¬ 

nomial 2 and those polynomials P which are irreducible in Q[x], and for which ||P ||2 = 1- 

Definition 5.3. Let F be any prime field. We call a polynomial P with coefficients from 
in U (F) completely even iff 

(1) P is even, and, 

(2) up to units, P does not admit a factorization in which one of the factors is odd. 

Theorem 5.4. Suppose F is a prime field and that Pq is any polynomial in F[a;]®''®". Then 
F[a;]/(P q) is a unital 3-field iff Pq is completely even. 

Proof Clearly, whenever Pq has a factorization Pq = QP, with Q a non-invertible odd 
polynomial, (Q) is an ideal larger than (Pq), strictly smaller than and intersecting 

Fj 2 ;]°dd Pqj. j-jjg converse, suppose Pq is completely even. For the purpose of this proof, 
we will also assume that Pq does not contain any invertible odd factor. We first look at the 
case in which |F| = oo. For an ideal T G U\x\ we write Tq for the ideal 3 generates in 
QN, i.e. 

3q = {2-"P|Pg 3, neN}. (5.1) 

Since (W[a;]Po)Q is the principal ideal generated by Pq in Q[a;], we find for any Ideal 3 
of (and different from) U[x\, larger than U[x\Pq, a factorization Pq = PQ so that = 
Q[a;]P. Since for no n G N, 2“” is a factor of Pq, we actually may suppose that P,Q G 
U[x] and still have Tq = Q[a;]P. It follows that P and Q are even and so 

3 n C Q[a;]p n U[x]°^'^ = 0 (5.2) 

Now suppose |F| = 2" and denote by 

7 r„ : ^ (Z/2"Z)°'i‘^ [a;] (5.3) 

the canonical quotient map, reducing the coefficients of elements in [a;] to coefficients 

in {Z/2'^Z)°^'^. We again will suppose that Pq does not contain any invertible odd factor. 
Fix a polynomial Pi G W[a;]®™", of the same degree as Pq, such that 7r„(Pi) = Pq. Then 
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Pi has to be completely even as well, and so by the first part, is a unital 

3-field. 

The result then follows from the fact that for |F| = 2” 

nx\/{Pi) = 7r„ (Q°‘'‘^[x]/(Po)) . (5.4) 

□ 


Example 5.5. The polynomial P = a;" — 1 is completely even, iff n is a power of 2. In 
fact, if n = 2^ no, with no > 1 and odd, then 

( no \ ^ 

^ Y[ -h l) , (5.5) 

m—1 / j—1 

where X]m=i is odd. 

Corollary 5.6. Each finite, singly generated unital 3-field F is the quotient of a singly 
generated unital 3-field ¥ with prime field 


Theorem 5.7. Suppose F is a finite unital 3-field with xCIF) = 1, and denote by Fo = {1} 
its prime field. If¥ is generated by a single element, then it is isomorphic to 

Fo[a:]/((x-l)”)^Fo(n) (5.6) 

Proof. By the above result, and since W(Fo) = Z/2Z is a (binary) field, there must 
be a completely even polynomial P £ (Z/'2Z)[x] so that F = Fo[a;]/(P). Writing a 
polynomial Q £ in powers of (x — 1) we have that Q is even iff its constant term 

is even, and it is odd iff its constant term is. Now, a polynomial P for which there are 
no < ... < Uk with 


P={x- 1)”“ + ... + (x - 1)”'“ ={x- 1)”“(1 -f ... + (x - l)"'=-"o), (5.7) 


clearly is not completely even, and we are done. 

Finally, Fo[x]/ ((x — 1)”) = Fo(n) follows from the fact that <f> : Fo[x] —> Fq, 





QM (1) 


(n- 1)! ) 


mod 2 


(5.8) 


is an epimorphism with kernel ((x — 1)”). 


□ 


We look into some further examples and, especially, determine their automorphism 
groups. To this end we will use 

Lemma 5.8. There is a 1-1 correspondence between the automorphisms of¥o(n) and 
polynomials P = fjxf fj £ ll(Fo(n)), ^ fj G Fq, /or which there exists another 
such polynomial Q with P o Q = x. 


Example 5.9. Let us start with a classical field extension. For x (F) = 1 we formally 
adjoin a square root of 3 and obtain F [v^ . More explicitly. 


F 


Vs = |a + bVs \ a,b £ Z/2Z, a + 6 = l|, 


(5.9) 


and it turns out that this 3-field is isomorphic to F (2). Note that this field has a trivial 
automorphism group. 
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Example 5.10. Let us have a look at F (3), where F is as before. We use polynomials in 
the generator x and denote the elements a = x, b = c = x"^ + x + 1, a, b, c, 1 G ¥ (3). 
The multiplicative Cayley table is 



1 

a 

b 

c 

1 

1“ 

a 

“b“ 

c 

a 

a 

b 

c 

1 

b 

b 

c 

1 

a 

c 

c 

1 

a 

c 


(5.10) 


To find nontrivial automorphisms on F (3) we construct the Cayley table under composi¬ 
tions as 


o 

a 

b 

c 

a 

a 

“b“ 

c 

b 

b 

1 

b 

c 

c 

b 

II 


(5.11) 


We observe that one nontrivial automorphism on F (3) is connected to c, because c o c = 
a = X. So the group of automorphisms is Z/2Z, or, for later use, the dihedral group of 
order 2, respectively. 


Example 5.11. Let us denote elements of F (4) as 


a 

b 

c 

d 

e 

/ 

9 

X 


x^ 

+ a; + 1 

a:^ + X + 1 

+ 1 

X^ + X^ + X 


(5.12) 


The multiplicative Cayley table for F (4) is 



(5.13) 


To find nontrivial automorphisms we make use of the Cayley table w.r.t. composition, 
and we find that the (nontrivial) automorphisms are exactly those given by the polynomials 
c, d, /. Composition is then given by the following table. 


o 

a 

c 

d 

/ 

a 

a= X 

c 

d 

f 

c 

c 

II 

f 

d 

d 

d 

f 

a= X 

c 

f 

f 

d 

c 

II 


(5.14) 


which upon inspection yields that the automorphism group equals the dihedral group of 
order 4. 
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Example 5.12. Let us denote elements of F (5) as 


a b c 

d e f 

9 


X X‘^ X'^ 

x"^ x'"^ -hx -h 1 x'^ X 

a;-1- X -1- 1 

p 

q 

r s 

-1- -1- 1 

x'^ +X^ pi 

-1- -1- 1 x'^ + x^ + X 

t 

u 

V 

w 

4 1 ‘2 1 

X -h X -h X 

x'^ + X'^ + X 

x"'- + x'^ + x‘^ 

x'^ + X'-"’ + x^ + x + 1 


(5.15) 


Then similar calculations give us the nontrivial automorphisms induced by the polynomials 
c,e,g,p,r,t,v. Together with the identity morphism a = x they obey the following Cayley 
table under composition 


o 

a 

c 

e 

9 

p 

r 

t 

V 

a 

a= X 

c 

e 

g 

p 

r 

t 

V 

c 

c 

II 

p 

r 

e 

g 

V 

t 

e 

e 

V 

g 

t 

c 

p 

a= X 

r 

9 

g 

r 

t 

II 

V 

c 

e 

p 

P 

p 

t 

r 

V 

a= X 

e 

c 

g 

r 

r 

g 

V 

c 

t 

II 

p 

e 

t 

t 

p 

II 

H 

e 

r 

V 

g 

c 

V 

V 

e 

C 

p 

g 

t 

r 

II 


This is the dihedral group of order 8. 


(5.16) 


Note that all these automorphism groups would be the “Galois” groups for the respective 
extensions of {1}. Also, F (n) is a quotient of F (m) whenever n < m. 

Theorem 5.13. A finite unital 3-field F admits an embedding into a binary field K iff 
F = {1}. 

Proof If x(®') > then (5(PrimF) is not an integral domain, and so PrimF (and much 
less F) can be embedded into a binary field. In case x(®') = the statement follows since 
Q(Fo(n)) in this case is not an integral domain, either. □ 

We conclude with some remarks on finite unital 3-fields in characteristic 1. We begin 
with two examples 

Fix a unital 3-field F, and put 

Fo (ni,... ,nfc) = Fo [xi,.. .,Xk]/{{xi - 1)”^ !)”'“) (5.17) 

This extension of F is characterized by the fact that it displays the fewest possible relations 
a field of k generators possibly can have (this will be made precise below). It can be shown 
that 


Fo (ni, ...,nk) = 

< 1 + ^ £a(l - a:)“ I Ea = 0,1, (a;fe - 1)”*’ = 0, A: = 1, ... ,n > 

[_ (l,...,l)<a<(ni-l,...,nfc-l) J 

(5. 

where (1 — x)°‘ = (1 — xi)'^^ • • • (1 — Much more relations are necessary in 

order to present the Cartesian product Fq (ni) x ... x Fq (nfc). Denote by the generator 
of the 3-field Fo(ni) and by xt the element of Fq (ni) x ... x Fq (rifc) which has the 
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unit element in each entry except at the place i where it is ^i. Then for each element 
(/i, ■ • ■, fn) € Fo (ni) X ... X Fo (uk) there are eij = 0,1 so that 

n kn 

(A,..., = (1, ■ • ■, 1) + y] (5.19) 

i=l i=l 

Consequently, 

Fo (ni) X ... X Fo (rifc) = 

Fo [xi,... ,Xfc]/((xi - 1)”" 1)"'' , (xi - l)(xj - = A j) 

(5.20) 

Theorem 5.14. Let F be a finite field with x(F) = 1, generated as a unital 3-field by n 
elements. Let, as before, Fq = = {1}. 

(1) There exist natural numbers ki,... ,kn such that¥ is a quotient of ¥Q{ki,... ,kn). 

(2) The ideal J such that F = Fq [xi,..., x„] / ff is of the form 

J = ((xi - ,..., (x„ - ,Pi,...,Pn), (5.21) 

where the polynomials Pi,..., Pjq are neither divisible by an odd polynomial nor 
by any of the {xk — I)”'". 

Proof. Denote by xi,... ,Xn the 3-field generators of F. As each of them generates a 
unital 3-field, (xi — 1)*^* =0 for some ki, i = 1,... ,n, and it follows that there is a 
quotient map of Fo(fci,..., fc„) onto F. 

In order to prove the second part of the theorem, we select even poly¬ 
nomials Pi,...,P]sf, not divisible by any of the (xfc — 1)"'“, so that F ~ 
Fo(A:i,..., kn)/{Pi, ■ •., Pn)- Similar to the proof of Theorem l5.7l one can show that it 
is not possible that any of these polynomials contains an odd factor (Alternatively, one can 
use the fact that all odd polynomials which can arise as factors here are invertible.) □ 

Example 5.15. Let us consider the “unfree” unital 3-field F^ and the “free” unital 3-field 
F (rii,n 2 ). We show that F (2) x F (2) and F (2, 2) are not isomorphic. By definition, 
we have F (2) = {1 -f e (y — 1) | e G Z/2Z}, which contains 2 elements {1, y} with the 
relations (as pairs) l-\-l = y-\-y = Q and = 1. The most unfree 3-field 

F (2) X F (2) has 4 elements and generated by Xi = ^ ^ ^, X 2 = ^ ^ ^ . It is easily 

seen that xf = x| = 1, xiX 2 = xi -f X 2 — 1, and therefore 

F (2) X F (2) = Z 2 [xi, X 2 ]°‘''' /{{xi- if , (X 2 - 1)' , p) , (5.22) 

where the additional polynomial is P = (xi — 1) (x 2 — 1) (see ( I5.21l i). On the other hand, 

F (2,2) = {1 -I- £i (xi - 1) -I- £2 (X 2 - 1) -I- £ (xi - 1) (X 2 - 1) | £i G Z 2 } (5.23) 

contains 8 elements and 

F (2, 2) = Z/2Z [xi,X2 ]°‘'V ((^1 - 1)' , -if), (5.24) 

which is not isomorphic to the field in (I5.221 i. 


Our final examples show that there are finite unital 3-fields which are noncommutative. 
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Example 5.16 (Triangular 3-fields). Let F be a unital 3-field an put 

ID)(n,F) = {An I ft e ¥,bij G U {¥) ,i-j = 1,... ,n} , (5.25) 

where 

/ /i 0 \ 

An{h,bto)= (5.26) 

\ fn / 

It is easily seen that, D (n, F) is a noncommutative unital 3-algebra (if n > 1). Note that 
each An {fi, bij) is invertible, and that its inverse has the form 

/ /r' 0 


(5.27) 


V h 


/, 


-1 


where bij G U (F). (Observe that the standard procedure for the inversion of a matrix 
yields expressions which are well-defined within F.) So it follows that D (n, F) actually is 
a noncommutative unital 3-field, which is finite in case F is. 


Example 5.17 (Quaternion 3-fields). We start by selecting a unital 3-field F, let 
HF= (f 4)^''""= I GW(F),^a^ gf|, 


(5.28) 






where z^, /z = 0,1, 2, 3, denotes a set of basis elements. We suppose that the quaternion 
relations z? = z^ = *§ = ziZ 2 Z 3 = — l,zo = 1 hold and extend this multiplication to the 
whole of HF. This product is well-defined, since the sum of the coefficients Ck G U{¥) in 

^^k—o ^^k —0 ^^Zfc — ^^k —0 z^fcZfc, dk^ bk G (F), ^f^k—o ^ 0 ^ ^ Can 

be written in the form 

3 3 3 / ^ \ 

X! cfc = ofc bfc - 2 ( Ik], 7fc G (5.29) 

fe=0 k=0 k=0 \k-0 ) 


which clearly is an element of F. So HF is a unital 3-algebra. In addition, ifq = OQ-l-aiZi-l- 
a2Z2+a3Z3, we let q = oo — aizi— 02 ^ 2 — 03*3 and observe that qq = (aQ-|-ai-|-a 2 -l-a§)zo G 
HF. Then, for each element q of HF, an inverse is given by 




<}_ 

qq 


Go - aiii - a2i2 - asis 


an 


■a\ 


al 


G HF 


as 


and thus, HF is a non-commutative 3-field. 


(5.30) 
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